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Abstract: The aim of this paper is characterize a class of contact metric mani-
folds admitting ∗-conformal Ricci soliton. It is shown that if a (2n + 1)-dimensional
N(k)-contact metric manifold M admits ∗-conformal Ricci soliton or ∗-conformal gra-
dient Ricci soliton, then the manifold M is ∗-Ricci flat and locally isometric to the
Riemannian of a flat (n + 1)-dimensional manifold and an n-dimensional manifold of
constant curvature 4 for n > 1 and flat for n = 1. Further, for the first case, the soliton
vector field is conformal and for the ∗-gradient case, the potential function f is either
harmonic or satisfy a Poisson equation. Finally, an example is presented to support
the results.
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1. Introduction
In 2004, Fischer [10] introduced the notion of conformal Ricci flow as a variation
of the classical Ricci flow equation. Let M be an n-dimensional closed, connected,
oriented differentiable manifold. Then the conformal Ricci flow on M is defined by
∂g
∂t
+ 2(S +
g
n
) = −pg and r = −1,
where p is a time dependent non-dynamical scalar field, S is the (0, 2) symmetric Ricci
tensor and r is the scalar curvature of the manifold.
The concept of conformal Ricci soliton was introduced by Basu and Bhattacharyya [1]
on a (2n + 1)-dimensional Kenmotsu manifold as
£V g + 2S = [2λ− (p+
2
2n+ 1
)]g,
where λ is a constant and £V is the Lie derivative along the vector field V. This notion
was studied by Dey and Majhi [7], Nagaraja and Venu [13] and many others on several
contact metric manifolds.
In 2002, Hamada [11] defined the ∗-Ricci tensor on real hypersurfaces of complex space
forms by
S∗(X,Y ) = g(Q∗X,Y ) =
1
2
(trace(φ ◦R(X,φY )))
for any vector fields X, Y on M , where Q∗ is the (1, 1) ∗-Ricci operator. The ∗-scalar
curvature r∗ is defined by r∗ = trace(Q∗). A Riemannian manifold M is called ∗-Ricci
1
2flat if S∗ vanishes identically.
Recently, several notions related to the ∗-Ricci tensor were introduced. In 2014, the
notion of ∗-Ricci soliton [12] was introduced and further widely studied by several
authors. In 2019, the notion of ∗-critical point equation [8] was introduced and further
studied by the authors in [9]. In this paper, we study the notion of ∗-conformal Ricci
soliton defined as
Definition 1.1. A Riemannian manifold (M,g) of dimension (2n + 1) ≥ 3 is said to
admit ∗-conformal Ricci soliton (g, V, λ) if
£V g + 2S
∗ = [2λ− (p +
2
2n + 1
)]g, (1.1)
where λ is a constant, provided S∗ is symmetric.
A ∗-conformal Ricci soliton is said to be ∗-conformal gradient Ricci soliton if the vector
field V is gradient of some smooth function f on M . In this case, the ∗-conformal
gradient Ricci soliton is given by
∇2f + S∗ = [λ− (
p
2
+
1
2n+ 1
)]g, (1.2)
where (∇2f)(X,Y ) = Hessf(X,Y ) = g(∇XDf, Y ) is the Hessian of f and D is the
gradient operator.
Note that, the ∗-Ricci tensor is not symmetric in general. Hence, for a non-symmetric
∗-Ricci tensor of a manifold, the above notion is incosistant. In a N(k)-contact metric
manifold, S∗ is symmetric (given later) and hence, the above definition is well defined
on N(k)-contact metric manifolds.
The present paper is organized as follows: In section 2, we recall some preliminary
results from the literature of N(k)-contact metric manifolds. Section 3 deals with
N(k)-contact metric manifolds admitting ∗-conformal Ricci soliton and ∗-conformal
gradient Ricci soliton. In the final section, we present an example to verify our results.
2. Preliminaries
A (2n + 1)-dimensional almost contact metric manifold M is a smooth manifold
together with a structure (φ, ξ, η, g) satisfying
φ2X = −X + η(X)ξ, η(ξ) = 1, φξ = 0, η ◦ φ = 0, (2.1)
g(φX,φY ) = g(X,Y )− η(X)η(Y ) (2.2)
for any vector fields X, Y on M , where φ is a (1, 1) tensor field, ξ is a unit vector field,
η is a one form defined by η(X) = g(X, ξ) and g is the Riemannian metric. Using (2.2),
we can easily see that φ is skew-symmetric, that is,
g(φX, Y ) = −g(X,φY ). (2.3)
An almost contact metric structure becomes a contact metric structure if g(φX, Y ) =
dη(X,Y ) for all vector fieldsX, Y onM . On a contact metric manifold, the (1, 1)-tensor
field h is defined as h = 12£ξφ. The tensor field h is symmetric and satisfies
hφ = −φh, trace(h) = trace(φh) = 0, hξ = 0. (2.4)
3Also on a contact metric manifold, we have
∇Xξ = −φX − φhX. (2.5)
In [16], Tanno introduced the notion of k-nullity distribution on a Riemannian manifold
as
N(k) = {Z ∈ T (M) : R(X,Y )Z = k[g(Y,Z)X − g(X,Z)Y ]},
k being a real number and T (M) is the Lie algebra of all vector fields on M . If the
characteristic vector field ξ ∈ N(k), then we call a contact metric manifold as N(k)-
contact metric manifold [16]. However, for a (2n+1)-dimensional N(k)-contact metric
manifold, we have ( see [2], [4])
h2 = (k − 1)φ2, (2.6)
R(X,Y )ξ = k[η(Y )X − η(X)Y ], (2.7)
R(ξ,X)Y = k[g(X,Y )ξ − η(Y )X], (2.8)
(∇Xη)Y = g(X + hX, φY ), (2.9)
(∇Xφ)Y = g(X + hX, Y )ξ − η(Y )(X + hX), (2.10)
(∇Xφh)Y = [g(X,hY ) + (k − 1)g(X,−Y + η(Y )ξ)]ξ
+η(Y )[hX + (k − 1)(−X + η(X)ξ)] (2.11)
for any vector fields X, Y on M , where R is the Riemann curvature tensor. For
further details on N(k)-contact metric manifolds, we refer the reader to go through
thereferences ([5], [14], [15]) and references therein.
3. ∗-Conformal Ricci soliton
In this section, we study the notion of ∗-conformal Ricci soliton in the framework
of N(k)-contact metric manifolds. To prove the main theorems, we need the following
lemmas:
Lemma 3.1. ([3]) A contact metric manifoldM2n+1 satisfying the condition R(X,Y )ξ =
0 for all X, Y is locally isometric to the Riemannian product of a flat (n + 1)-
dimensional manifold and an n-dimensional manifold of positive curvature 4, i.e.,
En+1(0) × Sn(4) for n > 1 and flat for n = 1.
Lemma 3.2. ([8]) A (2n+1)-dimensional N(k)-contact metric manifold is ∗-η-Einstein
and the ∗-Ricci tensor is given by
S∗(X,Y ) = −k[g(X,Y )− η(X)η(Y )]. (3.1)
Note 3.3. We observe from lemma 3.2 that the ∗-Ricci tensor S∗ of a N(k)-contact
metric manifold is symmetric, i.e., S∗(X,Y ) = S∗(Y,X). Hence, the notion of ∗-
conformal Ricci soliton is consistent in this setting.
Lemma 3.4. On a (2n+1)-dimensional N(k)-contact metric manifold M , the ∗-Ricci
tensor S∗ satisfies the following relation:
(∇ZS
∗)(X,Y )− (∇XS
∗)(Y,Z)− (∇Y S
∗)(X,Z)
= −2k[η(Y )g(φX,Z) + η(Y )g(φX, hZ) + η(X)g(φY,Z) + η(X)g(φY, hZ)]
for any vector fields X, Y and Z on M .
4Proof. Differentiating (3.1) covariantly along any vector field Z, we have
∇ZS
∗(X,Y ) = −k[∇Zg(X,Y )− (∇Zη(X))η(Y )− (∇Zη(Y ))η(X)]. (3.2)
Now,
(∇ZS
∗)(X,Y ) = ∇ZS
∗(X,Y )− S∗(∇ZX,Y )− S
∗(X,∇ZY ).
Using (3.1) and (3.2) in the foregoing equation, we obtain
(∇ZS
∗)(X,Y ) = k[((∇Zη)X)η(Y ) + ((∇Zη)Y )η(X)]. (3.3)
Using (2.9) in (3.3), we infer that
(∇ZS
∗)(X,Y ) = k[η(Y )g(Z + hZ, φX) + η(X)g(Z + hZ, φY )]. (3.4)
In a similar manner, we get
(∇XS
∗)(Y,Z) = k[η(Z)g(X + hX, φY ) + η(Y )g(X + hX, φZ)]. (3.5)
(∇Y S
∗)(X,Z) = k[η(Z)g(Y + hY, φX) + η(X)g(Y + hY, φZ)]. (3.6)
With the help of (3.4)-(3.6), we complete the proof by using (2.3) and (2.4). 
Theorem 3.5. Let M be a (2n+1)-dimensional N(k)-contact metric manifold admit-
ting ∗-conformal Ricci soliton (g, V, λ), then
(1) The manifold M is locally isometric to En+1(0) × Sn(4) for n > 1 and flat for
n = 1.
(2) The manifold M is ∗-Ricci flat.
(3) The vector field V is conformal,
provided λ 6= p2 +
1
2n+1 .
Proof. From (1.1), we have
(£V g)(X,Y ) + 2S
∗(X,Y ) = [2λ− (p +
2
2n+ 1
)]g(X,Y ). (3.7)
Differentiating the above equation covariantly along any vector field Z, we get
(∇Z£V g)(X,Y ) = −2(∇ZS
∗)(X,Y ). (3.8)
It is well known that (see [17])
(£V∇Xg −∇X£V g −∇[V,X]g)(Y,Z) = −g((£V∇)(X,Y ), Z)− g((£V∇)(X,Z), Y ).
Since ∇g = 0, then the above relation becomes
(∇X£V g)(Y,Z) = g((£V∇)(X,Y ), Z) + g((£V∇)(X,Z), Y ). (3.9)
Since £V∇ is symmetric, then it follows from (3.9) that
g((£V∇)(X,Y ), Z) =
1
2
(∇X£V g)(Y,Z) +
1
2
(∇Y£V g)(X,Z)
−
1
2
(∇Z£V g)(X,Y ). (3.10)
Using (3.8) in (3.10) we have
g((£V∇)(X,Y ), Z) = (∇ZS
∗)(X,Y )− (∇XS
∗)(Y,Z)− (∇Y S
∗)(X,Z).
Now, using Lemma 3.4 in the foregoing equation yields
g((£V∇)(X,Y ), Z) = 2k[η(Y )g(φX,Z) + η(Y )g(φX, hZ)
+η(X)g(φY,Z) + η(X)g(φY, hZ)],
5which implies
(£V∇)(X,Y ) = 2k[η(Y )φX + η(Y )hφX + η(X)φY + η(X)hφY ]. (3.11)
Substituting Y = ξ in (3.11), we get
(£V∇)(X, ξ) = 2k[φX + hφX]. (3.12)
Differentiating (3.12) along any vector field Y , we obtain
∇Y (£V∇)(X, ξ) = 2k[∇Y φX +∇Y hφX]. (3.13)
Now,
(∇Y£V∇)(X, ξ) = ∇Y (£V∇)(X, ξ) − (£V∇)(∇YX, ξ)− (£V∇)(X,∇Y ξ).
Using (2.1)-(2.5) and (3.11)-(3.13) in the foregoing equation, we obtain
(∇Y£V∇)(X, ξ) = 2k[(∇Y φ)X + (∇Y hφ)X + (k − 2)η(X)ξ
−(k − 2)η(X)η(Y )ξ − 2η(X)hY ]. (3.14)
Now, using (2.10) and (2.11) in (3.14), we get
(∇Y£V∇)(X, ξ) = 2k[kg(X,Y )ξ + (k − 2)η(Y )X
+(k − 2)η(X)Y − 2η(X)hY
−2η(Y )hX − (3k − 4)η(X)η(Y )ξ]. (3.15)
Due to Yano [17], it is known that
(£VR)(X,Y )Z = (∇X£V∇)(Y,Z)− (∇Y£V∇)(X,Z),
Using the equation (3.15) in the above formula, we obtain
(£VR)(X, ξ)ξ = (∇X£V∇)(ξ, ξ) − (∇ξ£V∇)(X, ξ) = 0. (3.16)
Now, substituting Y = ξ in (3.7), we have
(£V g)(X, ξ) = [2λ− (p+
2
2n+ 1
)]η(X), (3.17)
which implies
(£V η)X − g(X,£V ξ) = [2λ− (p +
2
2n + 1
)]η(X). (3.18)
From (3.18), after putting X = ξ, we can easily obtain that
η(£V ξ) = −[λ− (
p
2
+
1
2n+ 1
)]. (3.19)
Now, from (2.7), we have
R(X, ξ)ξ = k(X − η(X)ξ). (3.20)
With the help of (3.18)-(3.20) and (2.7)-(2.8), we obtain
(£V R)(X, ξ)ξ = k[2λ− (p +
2
2n+ 1
)](X − η(X)ξ). (3.21)
Equating (3.16) and (3.21) and then taking inner product with Y yields
k[2λ− (p+
2
2n+ 1
)](g(X,Y )− η(X)η(Y )) = 0,
which implies k = 0, since by hypothesis, λ 6= p2 +
1
2n+1 . Therefore, from (3.1), we
have S∗ = 0, i.e., the manifold is ∗-Ricci flat. Again from (2.7), we have R(X,Y )ξ = 0
and hence, from lemma 3.1, it follows that the manifold M is locally isometric to
En+1(0) × Sn(4) for n > 1 and flat for n = 1.
6Now, we know that a vector fieldX on a Riemannian manifoldM is said to be conformal
if there is a smooth function σ on M such that £Xg = 2σg. Using S
∗ = 0 in (3.7), we
get £V g = 2[λ− (
p
2 +
1
2n+1)]g and hence V is a conformal vector field. 
Note 3.6. If λ = (p2 +
1
2n+1), then from (1.1), we can say that the ∗-conformal Ricci
soliton reduces to a steady ∗-Ricci soliton. We need the following well known definition
to discuss about this further.
Definition 3.7. On an almost contact metric manifold M , a vector field V is said to
be Killing if £V g = 0 and an infinitesimal contact transformation if £V η = fη for some
smooth function f onM . In particular, if f = 0, then V is said to be strict infinitesimal
contact transformation.
Remark 3.8. If k 6= 0 and λ = (p2 +
1
2n+1), then from (3.18), we have (£V η)X =
g(X,£V ξ). Thus V will be an infinitesimal contact transformation if £V ξ = fξ for
some smooth function f on M . But in view of (3.19), we have η(£V ξ) = 0, which
implies £V ξ⊥ξ. Hence £V ξ 6= fξ for any smooth function f on M , unless f = 0
identically. Hence, V cannot be an infinitesimal contact transformation on M but it
can be a strict infinitesimal contact transformation if £V ξ = 0.
Remark 3.9. If k = 0 and λ = (p2 +
1
2n+1 ), then from (3.7), we have £V g = 0. Hence
V is a Killing vector field.
To prove our next theorem regarding ∗-conformal gradient Ricci soliton, we first
state and prove the following lemma:
Lemma 3.10. Let M be (2n + 1)-dimensional N(k)-contact metric manifold admit-
ting ∗-conformal gradient Ricci soliton (g, V, λ). Then the curvature tensor R can be
expressed as
R(X,Y )Df = k[2g(φX, Y )ξ − η(X)(φY + φhY ) + η(Y )(φX + φhX)] (3.22)
for any vector fields X and Y on M , where V = Df .
Proof. Equation (1.2) can be written as
∇XDf = [λ− (
p
2
+
1
2n+ 1
)]X −Q∗X. (3.23)
Differentiating (3.23) along any vector field Y , we obtain
∇Y∇XDf = [λ− (
p
2
+
1
2n+ 1
)]∇YX −∇YQ
∗X. (3.24)
Interchanging X and Y in the above equation, we get
∇X∇YDf = [λ− (
p
2
+
1
2n+ 1
)]∇XY −∇XQ
∗Y. (3.25)
Again from (3.23), we have
∇[X,Y ]Df = [λ− (
p
2
+
1
2n+ 1
)](∇XY −∇YX)−Q
∗(∇XY −∇YX). (3.26)
It is well known that
R(X,Y )Df = ∇X∇YDf −∇Y∇XDf −∇[X,Y ]Df.
Substituting (3.24)-(3.26) in the foregoing equation, we obtain
R(X,Y )Df = (∇YQ
∗)X − (∇XQ
∗)Y. (3.27)
7Now, from (3.5) and (3.6), we can write
(∇XQ
∗)Y = k[g(X + hX, φY )ξ − η(Y )(φX + φhX)]. (3.28)
(∇YQ
∗)X = k[g(Y + hY, φX)ξ − η(X)(φY + φhY )]. (3.29)
We now complete the proof by substituting (3.28) and (3.29) in (3.27). 
Theorem 3.11. Let M be a (2n + 1)-dimensional N(k)-contact metric manifold ad-
mitting ∗-conformal gradient Ricci soliton (g, V, λ), where V = Df for some smooth
function f on M , then
(1) The Manifold M is locally isometric to En+1(0)× Sn(4) for n > 1 and flat for
n = 1.
(2) The manifold M is ∗-Ricci flat.
(3) The potential function f is either harmonic or satisfy a physical Poisson equa-
tion.
Proof. Putting X = ξ in (3.22), we obtain
R(ξ, Y )Df = −k[φY + φhY ].
Taking inner product of the foregoing equation yields
g(R(ξ, Y )Df,X) = −k[g(φX, Y ) + g(φhX, Y )]. (3.30)
Since g(R(ξ, Y )Df,X) = −g(R(ξ, Y )X,Df), then using (2.8), we obtain
g(R(ξ, Y )Df,X) = −kg(X,Y )(ξf) + kη(X)(Y f). (3.31)
Equating (3.30) and (3.31) and then antisymmetrizing yields
kη(X)(Y f)− kη(Y )(Xf)− 2kg(φX, Y ) = 0.
Putting X = ξ in the above equation, we obtain
k[(Y f)− (ξf)η(Y )] = 0,
which implies
k[Df − (ξf)ξ] = 0.
Hence, either k = 0 or Df = (ξf)ξ.
Case 1: If k = 0, then (3.1) implies S∗ = 0. Also from (2.7), R(X,Y )ξ = 0.
Using lemma 3.1, we can say that M is locally isometric to En+1(0) × Sn(4) for
n > 1 and flat for n = 1. Again using S∗ = 0 in (1.2) and then tracing yields
∆f = [λ − (p2 +
1
2n+1)](2n + 1), where ∆ is the Laplace operator. Hence, f satisfies a
Poisson equation.
Case 2: If Df = (ξf)ξ, then differentiating this along any vector field X, we obtain
∇XDf = (X(ξf))ξ + (ξf)(−φX − φhX). (3.32)
Equating (3.23) and (3.32), we get
Q∗X = [λ− (
p
2
+
1
2n+ 1
)]X − (X(ξf))ξ + (ξf)(φX + φhX). (3.33)
Comparing the coefficients of X, ξ and φX from (3.1) and (3.33), we obtain the fol-
lowings
λ− (
p
2
+
1
2n+ 1
) = −k. (3.34)
8X(ξf) = kη(X). (3.35)
(ξf) = 0. (3.36)
Using (3.36) in (3.35), we obtain k = 0. Hence, from (3.34), λ = p2 +
1
2n+1 . Since k = 0,
by the same argument as in case 1, the manifold M is ∗-Ricci flat and locally isometric
to En+1(0)×Sn(4) for n > 1 and flat for n = 1. Again using S∗ = 0 and λ = p2 +
1
2n+1
in (1.2), we obtain ∇2f = 0, which implies ∆f = 0. Therefore, f is harmonic. This
completes the proof. 
4. Example
In [6], the authors presented an example of a 3-dimensional N(1−α2)-contact metric
manifold. Using the expressions of the curvature tensor and several values of the linear
connection, we can easily calculate the followings:
S∗(e1, e1) = 0, S
∗(e2, e2) = S
∗(e3, e3) = −(1− α
2).
(£e1g)(X,Y ) = 0 for all X, Y ∈ {e1, e2, e3}.
Now, if we consider α = 1, then the curvature tensor R vanishes and also S∗ = 0.
Tracing (1.1), we get λ = p2 +
1
3 . Thus (g, e1, λ) is a ∗-conformal Ricci soliton on this
N(0)-contact metric manifold. Here, note that e1 is a Killing vector field. This verifies
our theorem 3.5 and remark 3.9.
Again if e1 = Df for some smooth function f , then tracing (1.2) and considering α = 1,
we have ∆f = [λ − (p2 +
1
3)]3, which is a Poisson equation. Also if λ =
p
2 +
1
3 , then
∆f = 0 and therefore, f is harmonic. This verifies our theorem 3.11.
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